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 ABSTRACT.

Tests of £ spin are proposed which consist in measuring
and comparing among each other some averages over the angu-
lar distribution of the A resulting from Z decay. The avera
ges can directly be constructed out of experlmental data and
a discussion on the statistical errors arising from appllca-
tion of the tests to a finite sample of E-decays is given.
General statements arising from a quadratic relation among =
the coefficients of the production ‘density. matrlx valid for
production on unpolarlzed nucleons are also given. The que=
stion of the = parity is briefly considered assuming only s
and p waves at production. : :

- INTRODUCTION - GENERAL FORMULAS.

l
1.1 - No conclysive evidence has been obtained so far on the
Z hyperon spin 1), we report here brlefly on some possible
methods for its determlnatlon.

_ The spin tests that we propose-consist in measuring and
~comparing among each other some averages over the angular di
stribution of the A resulting from E .decay. The averages a-
re defined in section 2 and in section 3. In particular in
sections 2.4 and 3.2 we illustrate possible ways of compari-
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son of the averages to determine the E spin.

The construction of the averages directly from the expe
rimental data is explained in sections 2.1 and 4. Also, 1in
section 4, the important question of minimizing the statisti
cal error in a finite sample of £ decavs is discussed.

 More general statements on the Z spin are made in sections
5.2 and 5.3 as a conseguence of a general quadratic relation
among the coefficients of the production density matrix,
which is valid for production on unpolarized nucleons.

The comparison with the Lee-Yang tests is examined in
section 5.1 and production under Adair's conditions is consi
dered in section S.U4. o : '

The possibility of having only s and.p waves in the pro
duction process is briefly considered in section 6.

1.2 - Let us consider the chain of reactions
(1) o kT p e Tk
2y ETe—s Arx”

we call T and U' respectively the unit vectors along the pro
ton momentum and the ET momentum in the center of mass fra-
me for reaction (1); > _ U X o . o

o o S 1d x @l the normal to the produc
‘tion plane; V the unit vector along the A momentum in the
center of mass frame for reaction (2); and we define W=#x% .

If the & spin is 3 its density matrix, after its produc-
tion according to»(l),‘for'unpolarized initial nucleons, can
be written as ' e T o

U [dz) ;, ,.;5 + b,(6) f{a‘) + ¢ (9)»7(;?, Z)+ e, (6)T (W, %) -+ '_é,(&) r(z‘c:;v‘)-f

(3) o R PR '

b A ) T(RRR + @) T(FER) + @) T(F, Z,%)
where bl(&f ci(ﬁ),and di(4J*aré;rea1-funcfions-of the'produg
tion angle ¢. The quantities T are spin operators defined as
in reference (2) (see also reference .(3) footnote n.6).

. The coefficients by, ci, and dj are not completely unk=-
nown. First,they must satisfy inequalities expressing the
fact that the probabilities for finding the Z with given spin
component must be positive. These probabilities are the dia
ponal elements of the density matrix U . Furthermore, we will
see that a quadratic condition must be statisfied among the
coefficients b, ¢, and d, deriving from the fact that the
density matrix must be expressible as an incoherent mixture
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of two pure spin states, corresponding to the two possible
orientations of the initial nucleon spin in the production
process. We shall make use of such limitations in section 5,

1.3 - The angular distribution I () (normélized to unity
in the whole solid angle) of the A emitted in the subsequent
% decay is given by:

411 (V) = 4+ 7= 4,0) (R7)-0,@ [3(2V) 1]~ 6,0) [3(w-v) 1]~

Wy - 34,@) @IV~ Exfd, ) 577 )% 5 (77)] +

+ ) [HFIET)% (n) [+ Sty @) (PRNRTID) f

The polarization P of the emitted A is:

4,7](.7) 7= ow’; r‘% 4,/4)[/;?-‘7);’ " ze;’x (V) - 2/ (R V)] -
- o T/’/ é,/&)ﬁ/’é’-if 247+ c2(9}[3 (%7, ]+ 3(; ®)( 1;7(,,7 -Wf -
- é: d/e)/ﬁ/,#?)is/mri] Ve [5677)* /;7[5 a“g(m) /3 {I?x‘?)]} -
- ,—é— d;@)/[:/a‘:?}‘- 3] (BT)V+ 0o {Z?}Z g V)rf +
N E & [[5(u - AV (7x0) + /o(z.?)(w)v’x (2x9)] -
ALy ) 4 10 @DET) @] -
-3 4,4) 3@v) (_m)(w.?) T @?}(W)?x(mf) ,
RRETI % (28) < FRI@E)Tx (Fx?)] =

BRIV « (7:7) (FE)BT) + z;:z')/mf)(m?)j } |



Eqs. (4) and (5) completely determine the density matrix of
the A produced trough the chain of reactions (1) and (2),

when reaction (1) occurs on unpolarized protons, The parame
ters a, B and € are given in terms of the elements of the E
decay matrix, Ry for decay into final A - ® p - wave, and Ry
for -decay in$o»%inal-A#-n d - wave: B v

.__2/?3(’?,02)_ Zl/?,“/Qz' dr‘.s(o(:-J:_)

(6) =. = z
e P+ o) &1+ |R|
. L )
R A i3 (R v T
| VARVA
(6™) € = —5—73
o E - b%‘*453|
Note that. »
‘(IG"Y') . | o(z.,tﬂz.a-éz = 4

The real numbers &7 and 8 are the A-w scattering phase-shifts
for p-wave and d-~wave respectively, at ‘an energy equal to

the Q-value of Z decay. In order to introduce explicitly the
phase shifts § in Eqs.(8) we have made use of time reversal
invariance. . . :

‘From the expressions (4) and (5) for the angular distri-
bution ‘and polarization of A one can derive many different
criteria to check the hypotesis of s in 4 and, by comparing
with analogous expressions for spin 2z, to distinguish betwe-
en these two possibilities. ’ i

1.4 - The ‘expressions for the angulab distribution I(W¥) and

for the polarization P of the emitted A for E spin 3 are,
; aswweil‘knownrrha"w . SR : L .. '

(D ATI) = A B(FT)

) ATIEIF - TR (F)3 REVIT - ERVX (FT)
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Here P_ is the component of the I polarization along n and
the parameters o, B and &€ are given by:

20 (R RY) _ 2RaIR) o

(9 T TRFATRE T efeleE T e
, g 2Imte )  2IRIRL e
(s*) P RFARE " RFARS o
PN

. "y ‘ ' é: — T
o &+ 14,]*

We have made use of time-reversal invariance to introduce
the s-wave and p-wave A-mn phase shifts 60 and 8] respecti-
vely. Apalnvcxz+/?-*éz-i.

2 - POLARIZATION ANALYSIS.

2.1 - Let us first derive tests from measurements of the A
polarization. ' '

The A polarization is measured directly through the ob=-
servation of its decay asymmetries, We are interested in the
components of A polarlzatlon along three ortogonal axes who-
se unit vectors we call Vi, ¥ and V3. We take:

i_/,. V . '7 77)?4:7 7 vJ((;!)xT:)
(10 ¥ =V, 2T \Txvy 37 Wximon

The component of the A polarization along ¥ is essential
ly measured by the difference between the number of decay e
~vents with~the pion- (from A decay) going forward-with- respect
to the plane normal to vl and the number of events w1th the
plon going backward . :

More precisely for a sample of A at rest with polariza-
tion P we have :

- ' > -
. N = A

| B2 MM
: (11) : "3 Ve % M+ NT
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where o, is the A decay parameter,'Nf-is the number of de=-
. cays wi%h the emitted pion going forward (i.e. forming an
‘angle less than 90° with respect to v;) and N7 is the number
of decays with the emitted pion going backward (i.e. forming
an angle larger than 90° with respect to vj).

We consider averages of the components of the’A polari-
zation over the A direction of flight, weighted by suitable
weight functions. We call 0 and ¢ the polar coordinates of
¥ in a system where T, is the polar axis and U is the x axis.
We define the average of. a quantity A as :

'(v12)- | | '. (A§ ,='_//at§ c((—'a;e)»r,;&

2,2 - For & spin &, from (5), (10) and (12) we obtain:

(‘13a). | <7”TZ Y,‘°(6?,§).>‘ --:5,/9) ,—,si,,: .
(13b) 'Zﬁ?ﬁ”(mﬁ)\/ = ‘-/;4/&)_;‘4:(?)],-'3—;—;
(13¢) <?v,’ 1, q})) = —[-(,@)r/d_,,/@)]//-;—z_;'
o Ry e - il idele Z
.'(‘l‘3e) | PV sm8> : =‘~.‘,é,/&.)e 5‘3}_
: (13f) | ’ {#Z(&mﬁ-/ﬁ = -M/v)e,fé’@ﬂé%@
<-1=3,;g,’v g 7 ¥ (s, 52’5;?’ [ 0)2 o) o w;r
) F7> - |

1




(143 AN, 2)> = -[o-ab)t inw i fE
-~ , v . L

(14d) Py s @> 0= -6,8)8 5=

(lue) v<?”,|7: (4656 -1)> 212@)-{43/@% 372/;‘

/ZQﬁ?)-z (@&7 snz/ﬂz;

(e B N2 E)>

avg)  <BINRE)> o rif®)rid®)p 5 AT

The relations (13) and (1l4) generalize to the case of pari-
oty no?—gonserving decay the analogous relations of Gatto and
Stapp'3’) (compare with their equations (5), (6) and (7)).

For a parity conserv1ng decay a = B = o and € = + 1 according
to the relative intrinsic parities of the partlcles (< = + 1
for final p-wave and & = - 1 for final d-wave).

~We also note that if the Avpolarizationfﬁ is split into
a sum of a vector and of a pseudovector, only the pseudovec-
tor contributes to the averages (13), whereas only the vec-
tor contributes to the averages (1) (all proportional to «a
or R). .

2.3 - In a similar way, for % spin 3 we find from (8), (10)
and (12): : ‘ -

(15a) FU Y E)> = hE)

Vzn-

2

(15e) G sme> = -RE)€T
(16a) KU = A

'th

- -26)/

9
g
3;

(16d)
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while all the remaining averages are zero:
. ; , . :

. : E - ) 2 ‘ > 1‘
151y FTUD = FINE < BEN™ < (4030-00 = PR, =0

oty B = BT = Py (o) P < BNy = ©

2.4 - There are many ways in which the above relations can

be used to determine the spin of & . A general argument is

the following: if any of the averages (15') and (16') turns
out to be different from zero, the:spin cannot be 13 on the
other hand, if they are all zero and a# 0 wWe can conclude,

as we shall see later, that the spin must be i.

For spin % we can obtain the E polarization P, from (15a)
and the decay parameters a, 8 and & from (1l6a), (16d) and
(15e) afther eliminating Poj the sum of their squares must
be 1. ' ' ' '

To test for spin'# one can for instance derive by and £
from (13a) and (13e); the averages (13b), (130),.(13%), (13f)
and (13g) must then all be expressible through the three real
numbers dj, dp and dz. Furthermore, after obtaining B8 from
(14d), the averages (lue), (1uf) and (l4g) must also be ex- .
pressible through dy, dp and d3. The parameter «a can be eva-
luated from (l4a), and from (14b) and (14c) one can obtain
c1y Cp and c3. ” e : :

3 - ANGULAR DISTRIBUTION ANALY SIS.

3.1 - Also from the A angular distribution we can obtain a-
verages analogous to that considered above, '
‘For £ spin % , from (4) and (12) we find

(173) v. <>£’(’g_/§)\/ = | ZE//Q} "+ Cz(g')]/z—c‘:’i_r
Ay <P @S> = -[ab)-a®)tiab)] E=

i

(18a) 4 X°[9,§)> 5/(@) < [,—;'/77-‘



(18b) KW, B> = [AE)-F

- /22 () (dy(6) X /;7?7/;

(18¢) <Y, )Y

"

where as for £ spin.3, from (7) we obtain:

G Oea)> = RO
(20") <> = <Yy = o
asvy - <UD = K> =0

3.2 - These relations can also be used to determine the spin
of ¥, alone or, much more usefully, in combination with (13)

If they are used alone, the general argument to check
the spin of £ is analogous to that seen before: if any of
the averages (19') and (20') turn out to be different from
_ zero, the spin cannot be 3; if, on the other hand, they are

‘all zero and we know, e,g. from (lta), that o« # o, the spin

_mu%t be 3.

If however we find that not only (19" ) and (20') but
‘also (15') and (16') are zero (actually it would be sufficient
that (13b), (13¢), (17a) and (17c) were zero) we could con-
clude that the spin is. z, w1thout the condition a # o. In
fact we shall see that if the spin is % it is impossible that
all the coefficients cj and dij are simultaneously vanishing.

‘To test for spin 4 , we notice that (17) -and (18) are
hardly sufficient to determine the coefficients by, ¢j and
d;, provided we know for example a . These determinations a-
re however independent from (13) and (14) and must agree w1th
them. :

4 - APPLICATION TO FINITE SAMPLES,

4,1 - From the experiméntal point of view, when the number
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of events is not very large the statistical error on the a-
verages may be important. We shall briefly see that, if we
are not interested in a very detailed analysis, we can put
together all the events at any production angle to reduce
the statistical error. : :

- The averages’of'the polarization that we have considered
are of the form L : : : .

o) = <PV F(8,E)>

Experimentally they are approximated by:
. . ?

. —_ 2 7 Z , 6: a
7 = A e rELT)
(21_) 8 = N )
where use has been made of (11); Fj = F(é-,éi) is the value
of the weight function F(0,9) at,thevpola% cdordinates of
the A relative to the event jyrel = + 1 according to the ca

se that the pion emitted in the 'A decay forms an angle
$ 90° with the direction Vi, and the sum is performed over
all the N(8) events whose production angle lies in a certain
interval around 6 . o ' '

. The order of‘magnitude,df the error on m(6) is (we sup-

pose for simplicity F and m real):

Ae)-m@) . 7 JB)
me) —  fwE) m@)

where

S0 () T 5T e

“Let us definef

 M=2r L0 0 8) d 8
M=y g4

where I (#) is the production anghlar distribution (normali
zed to unity in the whole solid angle) and f(&) is a suita-
ble weight function. o

’Experimentally M‘is'apprOXimed'by:

S (22) M= 2y Ep Tty
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where now the sum is performed over all the N events.
The error oh M is of the order.
M-m 4 4

Ar

N 2

where

ot (G) I E L

oy

‘Analogous relations hold for the averages pf the angular di
stribution, with the substitution 2/ = &} = 1.

—J
, Quantltles of physical. interest can be deduced from (21)
~and- (22). For example we know that the coefficients by, cp,
Cj and dl multiplied by I, are of the formf31n6 ;lalplicose)
80 that & can be obtalned taking £(6) =‘MM5'Pl(coqe)

Furthermore, if we are interested in averages, or ratios
of averages, which are independent of 6, the weight function
f(8) remains arbitrary and can usefully be chosen to minimi-
. ze the statlstlcal error.

5 = TESTS FOR £ SPIN.

5.1 - We now derive some useful llmltatlonsvon the coeffi-’
-c1ents b (6), c: (e) and dy (e) for the spln % case.

, The dlaponal elements of the denSJty matrix (3) are the
probabllltles to find the £ in the various spin component
states. Taking W as the direction of spin quantlzatlon, we

- get for the probability I, to have the Z with spin component

&5
.z/;/)-= +4,0) = p ﬁ/amzm)],é (p-s)+
(23)

+[2!/49) 'm)i /ﬂ% ya) /'éf/‘f%)

Limitations'on the cbefficients are obtained by the con-
ditions I].J > o. For example we find

-

(2u) | .»lé,ﬂi)l =  ;§—;

From (?Q)VWe have obvious limitations on the averages (172),
~(13e), (1ud) and (18a), which must be satisfied if the spin
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‘is % . In particular since hils-i

ER
)<ma>] |b(9)e<l -
'MWhiGh“iS*Oﬂejof the Lee-Yang'cohditiohs.gg)

5.2 - The coefficients by, ci and d; are not independent, but

are sub% gt to a quadratlc relation, In fact, as shown by
Peshkin , we can write the density matrix of the E in the
form : ' '

U =5 e><ti+ 2—’ [RY> <R/

as a consequence of the fact'that the initial beam in the o
rlglnal production process of £ is an' incoherent mixture of
two spin states, one with the nucleon spin parallel to the
incident momentum, the other with the nucleon spin antiparal
lel to the incident momentum. - o

. The two state° transform into each other under the ope-
ration denoted by R, space inversion plus a rotation of -
‘areund the normal to the productlon plane. From parity consep
vation in the production process it Follows that the stati-

~stical matrix-for the produced Z consists of an incoherent
superp081tlon of two pure spln states, Vrand Rﬂr .«

For J = i We obtaln‘

Tt e it et 57"

 From (3) ahd-(23)‘we find that the»followihgvrelation holds:
":: ,Aiz"' ¢+ cz -C,C',_ 2 ("32 _;i d,z.'l‘ ,is-. d,_z'-f--g"i- d, .+ =

. (26)

5.3 = From,(23) and (26) we can deduce a more concluslve crl
“tferion for the spln of .

: In fact not only we see that all the coefficients cannot
- 'be simultaneously zero, but also that by cannot be dlfferent

from zero alone. Indeed from (26) we would have S
~ whereas from (23): |by| & 1_72 ‘These two condltloﬁs would
contradlct each other,
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One has then the following criterion, If the coefficients
cj and d; all turn out to be zero, the spin must be 1.

5.4 = We flnally notice that for 8 = o or 180° the Adair cri
terion! 6)must be appllcable.

Since for 8 = o or 180° the angular distribution 4wI(v )
given by (4), reduces to 3 [3Cwv)*+1]  , all the coefficients
- but c; must be zero, and Cl = - 3.

‘We then see, from (5) that the polarlzatlon P of the A
is- completely longitudinal, and its value is + a " (in the di-
rection of the A momentum) .

This result is valid for any spin value, as long as the
productlon satlsfles Adalr s condition.

6.~ S AND p- WAVES - TESTS FOR £ PARITY.

6.1 - The discussion we have given so far has been complete
ly general. In particular no simplifying assumptions of any
kind have been made on the production reaction (1). For com-
pleteness we shall briefly list the particular formulas that
one obtains for the coefficients of the production density
matrix if only s and p waves are supposed to partecipate to
the production reaé¢tion. The formulas that we report in this
section are all readily obtainable from usual arguments (see
for instance ref. 2). As long as reaction (1) does not take
place at very high energy if will be a very useful hypothe-
sis to suppose that only s and p waves are involved in the.
initial and final state. This hypothesis might in fact be
valid up to rather high energy if one considers that the lon
gest range of the interaction for reaction (1) will be that
due to the exchange of two K-mesons. One this basis one can
estimate that up to an energy as high -as 1GeV in the c.m.s.
it might still be a valid conijecture to suppose that only s
~and p waves contribute. The productlon angular distribution
I,(08) is then of the form

(27) z‘o/ﬂ)z C('Q+6m4f-cng)

Wher‘e : ‘
0" = 4rlartc)

.and- the coeff1c1ents a, b, and ¢ have different expre551ons
accordln? to. the spin S and parity P of . We call s. the
production matrix element for total anpular momentum J, ini-
tial l-wave, and final l'-wave. For S = 3 we have:a,b, and

c are.in general different from zero for P = + 1, while c ® 0

for P = = 1.
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Namely,

For S =

For S =

For S =

. . 3,
a = l 5:;'\ ]Z + isl’T \5: \2"‘ E R¢<s\i Sy

For S =

for S = % and P = + 1,

o 1.2 3, i 3
FYNETAFTINGE

a =
' 1'3 1x .t %* '
b. = 29@(500 Sﬁ .+ QSU‘D SM )
3 SR !
c = 3)sE |+ CR (s of

}and P = -~ 1,

v o4 L2
a = |s3'+ sy
. v L »
b= 2Re (s S50
c= 0

£+ we havé: b # o for P = + 1, and c_=‘omfor P= .1,
2 and P = + 1,
+ 3«

b= 0

0
1]

S J. 3
s fE e (as™)
'% and '-P = - lr'

1, a
|51+ 2| $E]°

a =
b =~ _7—\)7 Re (Sizo' S:i*

c = 0O

1 the polarization of the = is described by a



-
vector directed along n, whose. component along n we call

With only S and p waves
(28) L@)R(B) = s (prgwb)

For § = 3 and Pl

/o ZIm(S,, z"rsof,sz" ; j-‘-‘/CIm[S,fS,,Z*)

For S =f%vand’P”;;- 1
/9 ZIMKS/‘,SZ* / f=0

We notice that ¢ = o if P = = 1.

Per S =é% the coéfficients'bl, c; and dj are given by

n

| zwe4w)

- | zme 8

df""'ﬂ(zf*zzm&)’

O (ts+ 2, 090+% *e)

i

5 L/ﬂ)éz@) 426 s 24

¢ i 4[&,,,;‘(,:5.%6)»3 57

Y, S

B

-

Z6)em)
| z@4®) = o

15,

Fo
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2y = E:V—_'J-M(Snsff*)

2y = L1skle s ERS Sﬁ»*‘)

2 - --ézs%.r'-'%\.s:’ﬂﬂzUERe<s‘%.s%*>
N R L ACE:

Z] = /?fm(slzo 50/ *‘)
Zo = 0
2y = - \s_;%_l?v
rQe (s,‘, §E¥
Z¢ ’= ‘zé‘: 4 15";24 l'z.; '_

We notice that zq = =z = o0 if P = 4 1, while z, = o if
P=o=-l. LT o 2

'Oncé the spin of £ is known, from (27) and (28) or (29)
~one might possibly obtain indications on the % parity.

The authors would like to thank dr, H.P. Stapp for his
collaboration at the early stages of this work.
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